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1. INTRODUCTION 
In the present work, spectral methods are applied to the estimate of correlation decay in algebraic 
auto- and endomorphisms of the n-torus. Nowadays a large amount of information is available 
about this subject. H61der continuous observables are well known to exhibit exponential decay 
of correlations for any hyperbolic algebraic automorphism, a result whose proof follows from the 
introduction of suitably defined Markov partitions and from the approximation of observables 
by piecewise constant functions on Markov cylinders (symbolic dynamics techniques [1,2]). More 
recently, Lind [3] has shown that exponential decay of correlations occurs for Lipschitz continuous 
observables when the hyperbolicity condition is abandoned and ergodic quasi-hyperbolic algebraic 
automorphisms are considered. His proof relies on general bounds to correlation decay for total 
characters and on some results of symbolic dynamics, in a weaker form than that applicable to 
hyperbolic automorphisms, which remain valid when one or more eigenvalues of the automorphism 
lie on the unit circle (but they are not roots of unity). 
In spite of their generality, these statements are open to improvements. The decay rate pro- 
vided by symbolic dynamics is not explicitly related to the generating matrix of the hyperbolic 
automorphism. In the two-dimensional case, such a relation is rigorously established [4,5], but 
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the result can be typically affected by the choice of the partition [6,7]. For instance, denoted 
with A the eigenvalue of the associated matrix with modulus greater than 1, if the Markov par- 
tition is chosen by following Adler and Weiss' prescriptions ( ee [8] and references therein), all 
of the Markov cylinders have a self-mixing rate which turns out to be exactly IA1-2. On the 
contrary, whenever the generating Markov partition is achieved by prolonging both sides of the 
fixed-point stable and unstable manifolds, most Markov cylinders how a smaller mixing rate 
IA I-1 [6,7]. Furthermore, the symbolic dynamics technique of approximating Hhlder continuous 
observables by means of piecewise constant functions on Markov cylinders completely ignores 
any information about the regularity of the observable itself, like smoothness and analyticity. 
Bounds due to Cary and Crawford [9] for the Cat Map [10] demonstrate hat the correlation 
decay is faster for observables of greater smoothness. The spectral method applied there can 
be easily extended to any hyperbolic algebraic automorphism of the 2-torus, but the extension 
to more general endomorphisms of the n-terns is nontrivial. The same problems arise in the 
quasi-hyperbolic case, where decay rates are not explicitly characterized in terms of the map 
parameters and smoothness/analyticity of he observables not involved in the final estimates. 
The basic idea which allows spectral techniques to be applied to the analysis of correlation 
decay is a very simple characterization f strong mixing. This states that, given an arbitrary 
complete orthonormal set S of L2(lr n, B, #), a dynamical system (T, T n, B, #) is mixing if and 
only if correlations between any pair of vectors in ,9 converge to zero in the limit s --+ oo [2,11]. 
Under suitable conditions, information about the rate of correlation decay for vectors of the 
orthonormal base can be usefully applied to achieve stimates of the correlation decay for various 
classes of observables. This work provides explicit bounds to correlations of smooth and analytic 
observables for three classes of maps on Tn: hyperbolic automorphisms, endomorphisms with 
hyperbolic tangent map, and purely expanding endomorphisms. The correlation decay in the 
analytic case is shown to be superexponential. Although total algebraic auto/endomorphisms 
are not of direct relevance from a physical point of view, their relative simplicity makes the 
previous estimates useful as a reliability test for any general algorithm for the calculation of 
correlations of more general maps. 
2. ALGEBRAIC  AUTOMORPHISMS AND 
ENDOMORPHISMS OF  THE n -TORUS T n. 
We preliminarily recall some basic definitions and introduce the notations which will be used 
from now on. With T n, we denote the n-dimensional torus R'~/Z n, parametrized bythe unit cube 
[0, 1) n. As usual, T n is intended to be endowed with the Lebesgue-Haar p obability measure # 
on the a-field B of Borel sets in [0, 1) n. We refer to R n as the covering space of the torus. The 
covering map x ~ -- x mod [0, 1) n maps any x E R n onto its only equivalent element within the 
unit cube. In the following, we will find it convenient to give R n a Banach spade structure. 
Depending on the context, we will use various norms and, in particular, the usual Euclidean one, 
IIxH ~- [Zn=l ]X, I2] 1/2 and that defined by IIXHd --~ ZiL1 ]Xil, where xi, i = 1, 2 , . . . ,  n stand for 
the components of any vector x E R '~ with respect o the canonical base. Obviously, owing to 
the equivalence ofnorms on a finite-dimensional linear space, two positive constants A~ and A + 
will exist such that A~ Ilxll a <_ Ilxll <_ h + Ilxll d, Vz  e R '~. 
With the above definitions, let [M] be any nonsingular n x n matrix with integer entries 
and consider the linear invertible transformation M of R n onto itself having [M] as the rep- 
resentative matrix with respect o the canonical base. We discuss total maps T of the form 
T(x)  = M(x)  rood [0, 1) '~, Vx E lr n, which always preserve the Haar-Lebesgue measure on T n. 
[M] is known as the associated (or generating) matrix of T. 
Whenever [M] E SL(Z,  n), simple algebraic arguments show that T is a one-to-one map of lr n 
onto itself and that the probability measure # is invariant for both T and T -1. T is called an 
algebraic total automorphism onT n. Some properties of T are directly related to the spectrum 
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of [M]. In particular [8], ergodicity of T with respect o p occurs if and only if no eigenvalue of [M] 
is a root of the unity, whereas hyperbolicity [2] means absence of eigenvalues on the unit circle. 
Of course, hyperbolicity implies ergodicity, but any ergodic toral automorphism is necessarily 
hyperbolic when n < 4 [12]. Hyperbolicity of T on T n is also equivalent to hyperbolicity of 
the linear mapping M on the covering plane R n [2], and in that case the adjoint operator ~/ 
of M is hyperbolic as well. Let us focus our attention on ~/, which will actually be involved in 
the estimates below. Hyperbolicity of h:/means that there exist two nontrivial linear subspaces 
of N n, E s, and E u, and a positive constant u < 1 satisfying the following properties: 
(i) E s~E ~=R~; 
(ii) ~/(E  s) = ,~/-l(Es) = ES; .~/(E u) =/~/ - l (Eu)  = E~; 
(iii) k • E s =~ II/~/PkII <_ up Iikih Vp • N; k • E u =~ IiJt?/-pkiI _< u p tlkiI, Vp • N. 
The constant u can be easily related to the spectrum of [M] [13]. E s is known as the stable 
space, whereas E u is the so-called unstable space. Conditions (ii) and (iii) lead to the further 
bounds I[/~/-PkII >_ u-Plikll, Vk • E s, p • N, and II~/pklI > u -p IikiI, Vk • E u, p • N. Moreover, 
the decomposition (i) allows another norm on R TM, ]I'IIE, to be introduced which will be useful 
later. Since for every k • R ~, there is a unique vector k8 • E 8 and a unique k~ • E u such that 
k = ks + k~, the relationship below defines the desired norm: 
[IkllE = [[k~[I + Ilk,,[[ • (2.1) 
Finally, equivalence of II.IIE and II'II ensures the existence of constants AE, A + > 0 such that 
AEIIkll E _ IIki] < A+IIkIIE, Vk • R n. Although any ergodic toral automorphism is also strong 
mixing, so that for n > 4, there are nonhyperbolic mixing automorphisms, our discussion about 
correlation decay will be confined to hyperbolic automorphisms. 
In contrast, as a simple algebraic investigation shows, the case Idet[M]I = d 7~ 1 corresponds to 
a d-to-one map T of T n onto itself which still preserves the Lebesgue measure and which will be 
referred to as an algebraic toral endomorphism. Also, in this noninvertible hypothesis, T satisfies 
a mixing property if and only if its associated matrix [M] has no root of unity as an eigenvalue 
(see the Appendix for a proof). Nevertheless, we will deal with the following cases only: 
(a) algebraic toral endomorphisms whose tangent map M is hyperbolic on Rn; 
(b) purely expanding algebraic toral endomorphisms. 
The endomorphism T has a hyperbolic tangent map if and only if all of the eigenvalues of the 
associated matrix [M] lie outside the unit circle, but there are eigenvalues A+ and A_ satisfying 
IA+I > 1 and IA_I < 1. Whenever any eigenvalue of [M] has modulus greater than 1, we say that 
the endomorphism is purely expanding. Of course, both classes of endomorphisms are mixing. 
2.1. Smooth  and  Ana lyt ic  Observables on T n. Corre lat ions 
According to the general definitions, an observable is any real (or possibly complex) valued 
square-integrable function of the torus T n, i.e., any function of the linear space L2(Tn,B,#) 
endowed with the scalar product 
(f  I g) =- fT" f(x)g(x)d#(x), V f, g E L2(T ~, B, #), (2.1.1) 
and with the induced L2-norm ]Ifll 2 -- ((f  I f))t/2. The mean value of f e L2(T n, B, #) can then 
be written as (1 I f )  by posing 1 • L2(T n, B, p) such that l(x) = 1 for/z-almost every x • T n. We 
n denote with a. b the usual inner product of vectors a, b • R ~, i.e., the sum ~=1 aibi where ai • R 
stands for the ith component of a with respect o the canonical base. A complete orthonormal 
set of L2(T n, B, #) is given by the toral characters ek(x) = e i21rk'x, k • Z '~, x • T n, so that any 
observable f can be expanded into the Fourier series f(x) = Y']~kez,, ck(f)ek(x), convergent with 
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respect o the L2-norm. Smooth or analytic observables can be regarded as periodic functions 
on the covering space R n, of period 1 on each variable xi. The Dirichlet Theorem implies the 
Fourier series to be convergent ot only in the L2-norm, but also pointwise on T n. In both cases, 
the regularity of f ensures a fast decay of Fourier coefficients as Itkll --, oo. More precisely, it is 
well known that any analytic f on T n admits constants a,f~ > 0. such that [ck(f)[ _< ae -~likll, 
V k • Z n, leading to an exponential decay of the Fourier spectrum. Analogously, given a smooth 
(say Cq(T '~, C), q > 1) observable, there exists a nonnegative real multisequence A(k), k • Z n, 
satisfying [ck(f)[ < A(k)[[k[[ -q, Vk • Z n \ {0) and 
Z A(k)2<~A+~2q[ q! )2] 0qf [: (2.1.2) 
-- ~2"ff ]  ~ (q l [q2[ . . .qn '  ..~q,,=q oxql..C~'---X q'~ " 
kEZn\{0) ql-[-" ,,=q qlJ¢ "" 
The Fourier spectrum is said to obey a power-decay law. 
Our goal is to achieve stimates of correlations of smooth and analytic f, g, 
Cs(f,g) = ( f l  U 'g ) - ( l l f ) ( l lg ) ,  s •N ,  (2.1.3) 
where U stands for the Koopman operator associated to T, defined by (Uf)(x) = f (T(x)), 
Vx • T n, f • LZ(T n, B, #). Owing to the polar identity, it is enough to investigate correlations 
of the form Cs(f, f), known as the autocorrelations of the observable f.
2.2. Correlat ion Decay for Toral Characters  
The explicit computation of correlations i a very difficult task from an analytical and a nu- 
merical point of view, and can be performed successfully in some special cases only [4-6,14]. 
The simplest result concerns correlations between vectors of the Fourier orthonormal base and 
is easily achieved by noting that the associated Koopman operator of an algebraic toral auto- 
or endomorphism aps the lattice Z n onto itself. We have in fact, Vk E Z n, x E T n, and 
s E N, the equality (USek)(X) = ek (TS(x)) = e i2=k'T'(x), which in the covering space also reads 
(USek)(x) = e i2~k'M~x = e i2=K4"k'x, on having introduced the adjoint operator .~/of M. As a 
consequence, for every h, k • Z n, we get 
(eh I USek) = [ e-i2~rh':Cei2~rEl'k'x d#(x) = 5h,K4,k, (2.2.1) 
J[0 ,1) ~ 
with 5a,b = 1 i fa = b and ~a,b = 0, otherwise, for any a,b • Z n. Equation (2.2.1) allows estimates 
of the correlation decay of regular observables to  be deduced from the dynamical properties of 
the linear mapping M on Z n. 
2.3. Prel iminary Est imates 
Let f be an arbitrary observable and s E N. By the continuity of the scalar product and of 
the (unitary) Koopman operator with respect o the L2-norm, we can write 
\h, EZ h,kEZ n 
(2.3.1) 
and inserting (2.2.1), we obtain 
(f [USf)-- Z ch(f)ck(f)~h,M,k-- ~ CK.l,k(f)ck(f). 
h,kEZ n kEZ ~ 
(2.3.2) 
On the other hand, there also holds (f [ 1)(1 [ f) = (f [ eo)(eo [ f) = co(f)co(f) and the 
correlation reduces to Cs(f, f) = (f [ US f) - (f  [ 1)(1 [ f) = )-~k~z-\(0)C~'k(f)ck(f)" The 
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fundamental upper bound to autocorrelations will be then ICs(f,f)l < ~-~kez-\{0} Ic~,k(f)] 
]ck(f)], provided that the series on the right-hand side converges. 
If the spectrum decays exponentially, the previous bound becomes 
IC,(.t',y)l<~ 2 ~ e-~(ll~'kJl+llkll), (2.3.3) 
keZ-\{0} 
for some constants ~, ~ > 0. In an analogous way, the estimate for the case of a power-law decay 
spectrum takes the form 
IC,(Y,f)l < ~ ilkllq , q > 1. (2.3.4) 
kez-\{0} ~rsk q - 
We can drop the terms A(k), A(JVISk) and conveniently increase the exponent q, which may be 
very important o ensure convergence of the upper bound. Two subsequent applications of the 
Cauchy-Schwarz inequality allow us to write 
1/4 
A(k) .a (M'k) <_ al/2m/4 F_, 1 (2.3.5) 
Ilklla i ' kez-\{o} ~,k  q e~z-\{0} llkll aq ~7/,k 4q 
where the constants G = ~-]~keZ-\{0} A(k) 2 and H = ~-~kez-\{o} A(h) 4 are both finite because 
of (2.1.2). Thus, with a suitable constant L > 0 depending on the observable f ,  we deduce 
1/4 
ICs(f, f)l < L Z ,-1 4q (2.3.6) 
keZ-\{0} []kll 4q Ih~/~k 
The latter estimate can be replaced by a weaker but more satisfactory bound, which also recalls 
the form (2.3.3). To this end, by the equivalence of norms I1,11 d and I1"11, we have 
1 (Ad)2211klld2 ~7/,k d'  (2.3.7) Ilkll ~ 'k  _> (hd) 211kll d ~'k  d = 
and if we confine ourselves to k E Z n \ {0}, and remember the inclusion 57/(Z n \ {0}) c_ Z n \ {0}, 
it is straightforward to verify that 2 Ilkll d, 211~Pklld _> 2. The subsequent lower bound 2 Ilkll d 
211~'klld > 2 Ilkll d +211M'klld easily follows from the inequality xy > x + y, valid Vx, y > 2. 
Inserting within (2.3.7), we finally get 
1(  Ilkll ~k  > ~ (h~) 2 211kll d +2 ~ 'k  d 2--~d + (Ad)2 (llkll + ~rSk ) ,  (2.3.8) 
and the estimate (2.3.4) is replaced by 
1/4 
1 (2.3.9) 
eez-\{0} sk 
The above discussion shows that the behaviour of Iik[] + II.~ISkll on s e N is crucial in order to 
establish meaningful estimates of C~(f, f) for analytic and smooth observables. 
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2.4. Decay of Correlations for Hyperbolic Algebraic Automorphisms of T n 
Suppose that the map T is a hyperbolic automorphism of T n. This implies, in particular, 
that the linear transformation M defines a one-to-one mapping of the lattice Z n onto itself, and 
so does 2t7/. Let f be an analytic L2(Tn,B,#)-function, for which, therefore, (2.3.3) holds, and 
suppose for simplicity that the index s • N of the correlation Cs(f, f) is even. By introducing 
the change of variable h = l~p/2k, the bound (2.3.3) is put into the following equivalent form: 
ICs(fl, fl)l < o~ 2 ~ e-~(ll~/~hlI+lI~-~/~hll). (2.4.1) 
heZ-\{o} 
Recalling the definitions and notations of Section 2.1, concerning the hyperbolic structure of /Q,  
we obtain 
1 A~ ( ~'/'h + ~-'/'h )>_ .~'/%+~s/'h. + ~-'/'h,+~:'/'h.., (2.4.2) 
but since _f/Isl2hs,-f/I-812hs • E 8 and ll.lsl2hu,.f4-~12hu • E u, we can rewrite the right-hand 
side as 
_f/IS/2h 8 + .~I8/2h,, + iVI-8/2hs + _f/I-8/2h,, > v-8/2~--~Et[h[[. (2.4.3) 
As a conclusion, [[_f/P/2h[[+[[IVI-8/2h[I >_ v-s/2[[h[[AE/A +. The case of odd s • N is treated 
in a completely similar way, by posing h = .~l(S-1)/2k within (2.3.3), and the result reads 
ll_f/I(8+l)/2h[]+[].ff4-(8-1)/2h[[ > v-O-1)/2[[hHhE/A +. We now simply replace into (2.4.1) and 
conclude 
ICs(f,f)l ~- a2e-V-t~/2J~A~/A+ ~ e--V-t'/2J/3(llhll--1)A~/A+, 
heZ-\{0} 
V s • N, (2.4.4) 
where [xJ stands for the integer part of x • R and the residual series is bounded uniformly 
on s. For f • Cq(Tn,C) and even s • N, the transformation k = 2~I8/2h puts the series on the 
right-hand side of (2.3.9) into the form 
E 1 (2.4.5) 
which admits the upper bound v2qs(A~)4q(AE) -4q ~-~heZ-\{0} Ilhl1-4q due to the previous bound 
on 112VI-S/2hll +111~I8/~h11. Inequality (2.3.9) then becomes 
lcs(f ,s) l  < L 
- (A J  q \h~/  
] 1/4 
l/sql2 E 1 
h6Z'*\{0} Hh[14q 
(2.4.6) 
the constant L > depending only on f .  The substitution s --* s - 1 provides the analogous bound 
for odd s, as in the analytic ase. Therefore, 
I cs( f , f ) l  < L ~  \AE] 
1 ] i/4 
Z 
%6Z"\{0} Ilhll4q J ' 
v s • N. (2.4.7) 
It is understood that the given estimate is meaningful provided that the residual series in (2.4.6) 
converges, which occurs whenever q > n/4. 
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REMARK. When the complexification f the linear operator M can be diagonalized on C n, a small 
modification of the previous discussion provides a more specific haracterization f the decay rates. 
For simplicity, let us denote with the same symbol hT/the complexification f 1~/. Suppose then 
that hT/admits the base/L = {ul, u2, . . . ,  un} of eigenvectors on C n with corresponding (possibly 
complex or coinciding) eigenvalues X1, X2,...,  An, none of which lies on the unit circle. Any vector 
h E R n will be written in a unique way as 
n 
h = Ec i (h)u , ,  c~(h) e C, Vi = 1 ,2 , . . . ,n ,  (2.4.8) 
i=1 
and a norm [l'liu will be defined by Ilhllu = ~-~i~l Ic~(h)h equivalent to the Euclidean norm II'[[ 
on R n according to A~ [[h[[ u _< [[h[[ <_ A + ][h[[u, Vh E R n, A~,A + > 0. We have 
+ ~- ' /2h  >_ Inl[I;k~l ~/2 + IXjl -~/~] A~ Ilhll, (2.4.9) 
where Infj [ ]Aj [s/2 + ]Aj ]-s/2] increases exponentially ass --* +c¢. An analogous calculation holds 
for odd s and provides 
1 + > - ~ Ilhll • (2.4.10) 
2.5. Decay of Correlations for Algebraic Endomorphisms of T n with Hyperbolic 
Tangent Map 
The case of algebraic endomorphism with a hyperbolic tangent map can be treated as the 
previous one. We only have to notice that now M defines a transformation of R n which is still 
one-to-one but not onto. As a consequence, .~/(Z n \ {0}) c Z n \ {0}. Consider, for instance, a
correlation Cs(f, f)  with f analytic and even s E N. With the change of variables h = .~s/2k, 
which is well defined, and due to the hyperbolic structure of .~, (2.3.3) writes 
Ics(/ , /) l  < ~ ~ e-~(ll~'~2hll+ll~-'/2hll). (2.5.1) 
he~'/2(Zn\{0}) 
An analogous estimate holds for odd s by introducing the change of variable h = .~7/(s-1)/2k. The 
same bounds on ]1217/-S/2h]] + IlhT/S/2hl[ and ]lll/I(s+l)/2hll+ill~,l-(S-1)/2hl] established in Section 2.4 
lead then to the inequality 
[Cs(f, f)[ ~ °~2e-v-L'/2J/~AE/A+ E e-v-Ls/2J~(llhll-1)hE/h+' V8 e 5t. (2.5.2) 
heZ%{0} 
Given an f ~ cq(T n, C), instead of (2.4.5) we investigate the series 
E 1 
and deduce the bound 
vUqs E 1 < v2qs E 1 (2.5.4) 
\A~)  [Ih[I ~q - \A~)  ilhlI 4q' heK4,/2 (z,,\{o}) heZ%{0} 
so that (2.4.6) still holds, for even s. Odd values of s and problems of convergence of the residual 
series are dealt with as above, and the final estimate coincides with (2.4.7). 
REMARK. If the complexification of the hT/can be put into a diagonal form on C n, the decay 
rates are more explicitly characterizable in the same way we have already outlined for hyperbolic 
automorphisms, asestimates (2.4.9) and (2.4.10) obviously extend to the present case too. 
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2.6. Correlation Decay for Pure ly  Expanding Algebraic Endomorphisms of T n 
For expanding endomorphisms, all of the eigenvalues of the 8xtjoint operator M have modulus 
greater than 1. A positive constant v < 1 will exist such that 11/17/-lkll < ~,llkl[ and 11/17/kll > 
~,-lllkll, Vk • R n, and therefore, 
M~k + Ilkll ~ v -~ Ilkll + Ilkll = (v -~ + 1) Ilkll. (2.6.1) 
For each s • N, and with no change of variables, the upper bound (2.3.3) to the autocorrelation 
C,( f ,  f )  of an analytic observable f will take the form 
[C~(f,f)[<o~ 2 ~ e-~(~-'÷l)llkll=~2e-~("-'+l) ~ e -~("-'÷1)(11~11-1) (2.6.2) 
keZ%{0} 
with the usual bounded residual series. 
Cq(T n, C) leads to the estimate 
[Cs(f,f)] <_ L (2h+)q 1 
(A~)2q (v - '  + 1) q 
immediately derived from (2.3.9).. 
keZ-\{0} 
The same argument applied to an observable f • 
] 1/4 
1 
Ilkll 4q , 
keZ \{0} 
Vs • N, (2.6.3) 
REMARK. Whenever the complexification f ~r is diagonMizable on C n, we can determine a very 
simple relation between the expansion rate ~,-1 and the eigenvalues ofthe linear operator. Indeed 
by using (2.4.8), we obtain 
where Infj [Aj ] > 1. 
REMARK. In the case of the Cat Map, it is interesting to compare our estimates with those 
described in [9]. There the decay of correlations for analytic observables turned out to be more 
than exponential, whereas we can state a more precise super-exponential decay law. Although 
not explicitly explained here, the systematic construction of observables obeying a power-decay 
law can be performed as well by means of lacunar Fourier series. For instance, any continuous g 
of the form 
oo 
g(x) = ~ ±e ~2~rkx  ~ e z n \ {0}, x • T n (2.6.5) r 2 
r=--oo,r:~0 
shows an algebraic orrelation decay, according to C,(g, g) = ( 2 / 3 )r2 (1/ s 2) - 6Is 4. Nevertheless, 
if A denotes the eigenvalue of ~/w i th  modulus greater than one, the exponential decay rate 
computed in [9] for a C a observable is q In IA], exactly twice the value q In [AI/2 we find. This 
better result is not surprising, since it comes from a very detailed characterization f the orbits 
of M on the reciprocal lattice Z 2, followed by an ingenious, suitable rearrangement of the orbits 
themselves. The extension of the same arguments to other algebraic automorphisms of the 
2-torus and to higher-dimensional auto- and endomorphisms is certainly nontrivial and fairly 
cumbersome, in spite of the simplicity and generality of the present analysis. In both cases, the 
spectral method clearly relates moothness of the observable and estimated ecay rate. 
3. CONCLUSIONS 
For hyperbolic systems, spectral methods relate smoothness of the observable to its (possibly 
superexponential) decay rate. Standard techniques of symbolic dynamics, by contrast, predict a 
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decay rate which is only exponential, independent of the smoothness of the observable, and not 
easily related to the map parameters. Symbolic dynamics techniques are based on approximations 
of the observables by means of piecewise constant functions on Markov cylinders. The error 
introduced by this first approximation is exponentially small with respect o s E N by assuming 
the additional requirement that observables be HSlder-continuous. Cq, q E 1~I \ {0}, or C ~ 
observables are certainly HSlder-continuous, as Lipschitz-continuous, but the estimate of the 
approximation error carries no trace of such a regularity. Spectral techniques, even if by paying 
the price of a lesser generality, offer the twofold advantage ofa rather strict relation between the 
estimated ecay rate and the smoothness of the observables on the one hand, and between the 
decay rate and the system parameters on the other one. As for nonhyperbolic systems, a domain 
where general methods of symbolic dynamics are not available, spectral techniques can provide 
quite satisfactory estimates to correlation decay of analytic or sufficiently smooth observables as 
well. We further stress that the superexponential decay of correlations for analytic observables 
is a per  se interesting result. Moreover, it is noticeable that the symbolic dynamics method 
has been recently implemented by a numerical tool for the computation of correlations in the 
hyperbolic automorphisms of the 2-torus [7]. The tool uses piecewise constant approximation n  
the cylinders of suitably refined Markov partitions, whose typical portrait is shown in Figure 1, 
to provide estimates of correlations of the following form: 
Cs( f  , f )  ~ aA -s  --t- b/~ -2s. (3.1) 
1.0 
0.0 
0.0 1.0 
Figure 1. A refined Markov partition for the Cat Map on the 2-torus, parametrized 
by the unit square. Grey levels evidence different rectangles. 
This relation holds after the mixing time of.the partition for appropriate constants a,b E R, and up 
to an exponentially decreasing rest. Quite satisfactory esults can be obtained for discontinuous, 
continuous but nonsmooth, and C 1 observables, whereas the accuracy is lower in the case of C a 
or analytic functions. The estimates presented here account for this failure of the algorithm, 
since a relation like (3.1) cannot adequately describe ither a superexponential correlation decay, 
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or correlations of the form Cs(f, f )  ~-, A -qS, q > 2, for large s. As a general conclusion, the tight 
analytic bounds to correlations of nontrivial observables discussed here constitute a useful test 
to check the accuracy of any general algorithm for the computation of correlations. 
APPENDIX  
We sketch here the proof of the following. 
PROPOSITION A. 1. An algebraic torai endomorphism T is mixing if and only if its associated 
matrix [M] has no eigenvalue which is a root of unity. 
PROOF. We preliminarily observe that [M], M, and M have exactly the same spectrum. The 
opposite implications will be shown separately. 
(i) If no eigenvalue of [M] is a root of unity, then T is mixing. 
Suppose that T is not mixing. This implies that there exists at least a pair of Fourier vectors 
ek, eh, k,h ~Z n, whose correlations Cs(ek,eh) = (ek [ USeh)--(ek [ 1)(1 [ eh) do not converge to 
zero. We can actually assume k, h E Z n \ {0}, since otherwise correlation decay always occurs. 
According to (2.2.1), the binary sequence (Sk,l~1~h)seg does not tend to zero as s --* oo, and 
therefore, a sequence of positive integers (ne)~eg can be found such that nl < n2 <= • .. ( ng < • .. 
and 1(linch = k, Vg E N. In particular, we deduce (/17/n2-n~ _ ll).~/n~h = 0, and conclude that 
/l~/nl h is an eigenvector f it:/n2-n~ with eigenvalue 1. If A1, A2,.. . ,  An are the eigenvalues of/17/, 
there will exist j E {1, 2 , . . . ,  n} such that A~. 2-hi = 1 and Aj is a root of unity, a contradiction. 
(ii) If T is mixing, then no eigenvalue of [M] is a root of unity. 
We still prove the statement by reductio ad absurdum. Let A = e i2~rp/q be an eigenvalue of 
/1~/, with p E Z and q E N \ {0}. Then the power/Qq has 1 as an eigenvalue and the equation 
(21~/q-11)~ = 0 admits a nontrivial solution ~ E R n. Furthermore, since the last equation is a 
linear system with integer coefficients, we can certainly find a solution ~ E Z n \ {0}. Therefore, 
217/q~ = ~, and consequently, 
~mq~ _ ~, Vme N, (A.1) 
from which it follows that 
Cmq (e~, e¢) = (e~ [ Umqe¢) - (e¢I 1) (1 [ e~) -- 5¢,~..q~ = 1, V m E N. (A.2) 
As a conclusion, the autocorrelations Cs(e~,e~) do not converge to zero for s --, co, which 
contradicts the mixing hypothesis on T. I 
From the above statement, we also deduce the following proposition as a simple corollary. It 
implies equivalence of ergodicity and mixing property for any algebraic toral endomorphism. 
PROPOSITION A.2. An algebraic toral endomorphism T is ergodic ff and only if its associated 
matr/x [M] has no eigenvalue wh/ch is a root of unity. 
PROOF. If no eigenvalue of [M] is a root of unity, Proposition A.1 states that T is mixing, 
which implies ergodicity. We simply have to prove that when T is ergodic, the spectrum of [M] 
does not contain roots of unity. If not, according to Proposition A.1, it would be possible to 
find out a vector ~ E Z n \ {0} and a positive integer q satisfying (A.1) and (A.2). For every 
s E N \ {mq : m E N}, we have generically C8(e¢, e~) = 5~,~,  and therefore, 0 _< Cs(e~, e¢) <_ 1. 
As a consequence, given an integer N E N large enough, we could write 
N-1 L(N-1)/qJ-1 q-1 
0. - -  , -  > (A .3 )  N ~-~Cs(e¢,e~)>_-~ Z ZCmq+k(e¢'e¢)>--~ g--.+oo q 
s=0 m=0 k=0 
This means that the sequence of Cesaro's ums (N -1 EN£ 1 Cs(e~, e~))NeZ+ does not converge 
to zero as N --* +co, in contradiction with the ergodicity of T. The proof is complete. I 
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